International Journal of Computer Theory and Engineering, Vol. 11, No. 6, December 2019
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Abstract—With the adverse research in field of engineering
and technology, the use of Kronecker product highlighted from
many aspects by researchers in different fields of science,
especially considering digital signal processing where Discrete
Fourier Transform plays a supreme role. This transform can be
performed using Kronecker product in an iterative way. The
implementation of DFT using this product needs a reverse
order multiplication that can easily be catered for by applying
few techniques of linear algebra i.e. by using a unique
permutation matrix, on the original Kronecker Product. The
permutation matrix obtained from “I” interchanging of rows /
columns from an identity matrix. A total of n! permutation
matrices will be obtained using this methodology. This paper
presents a technique for finding the unique permutation matrix
out of n! matrices. This uniquely identified permutation matrix
is used to attain the reverse order Kronecker product without
using the same technique, as used for obtaining the original
Kronecker product.

Index Terms—Discrete fourier transform (DFT), digital
signal processing (DSP), intuitive method, kronecker product
(KP), permutation matrix (PM).

. INTRODUCTION

Kronecker product, plays an imperative role in major
disciplines of science as in mathematics, linear algebra, big
data analysis and signal processing etc. that acts as a nucleus
in the formation of this modern era especially from
application perspective [1]. This product also finds its
applications in matrix calculus [2], system theory [3],
differential equations [4] that are the basis for circuit analysis
and much more. A well-established transform to study a time
domain signal from frequency perspective, filtering and
analysis is Fourier transform [5]. Kronecker product is an
arithmetic tool that finds its significance in many applications
in field of research. Usage of this product for the modular
design of computational structures for signal processing
algorithms especially on FPGA [6] can also be implemented.
The given product finds its applications in usage of Krylov
Subspace methods for the evaluation of the expressions as
f(A)b using Kronecker structure on A [7], execution,
implementation of applications of Hadamard matrices [8],
recursive generations of a large class of discrete unitary
transforms [9], Image rescaling, reconstruction [10], matrix
calculus [11] and so on. Its usage on FPGA [6], Graphical
processing Units [12] etc. for parallel computation of signal
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processing algorithms cannot be rendered.

The main problem that arises during the implementation of
the Kronecker product is its computation cost, especially to
those algorithms in which it is used repeatedly. This problem
becomes a bottleneck while computing two or more products
simultaneously, especially when, in the same arithmetic
calculation original and reverse order Kronecker product are
to be calculated, e.g. in formulation of DFT as stated in (1),
that is taken as a building block in this paper. We can
improve the performance of various algorithms using this
product by optimizing its performance with respect to
computational time.

Keeping in view the calculation of Kronecker product, an
intuitive approach is proposed to bypass the rigorous
calculations required to compute the permutation matrix. In
this paper, we present a mechanism that calculates a unique
permutation matrix, so that computation time for finding the
reverse order product decreases, and reverse order Kronecker
product from its original may be generated with minimum
computations.

The paper is structured in the following manner as Section
Il discusses the background and working of permutation
matrix, proposed methodology is discussed in Section Il
which is in the continuation with the observations and results
in Section 1V, leading us to conclusion in Section V that
meets up with the end of the paper.

Il. BACKGROUND

In this section, we highlight the basic mathematics needed
to calculate the required uniquely identified permutation
matrix for Kronecker product to calculate its reverse order
Product.

The usage of Kronecker and reverse order KP in same
arithmetic calculation finds its application in formulation of
DFT, in which E, is an n x n DFT matrix, I, being n X n
identity matrix and D,z is a diagonal matrix leading us to a
bit reversed order n? DFT matrix as F, ..

Fl2 = (I, ® E)D,2(F, ® L) 1)

In such cases where we have to compute the original and
reverse order KP at same time, being it to be computationally
expensive algorithm, we can use Permutation Matrix for this
purpose to reuse the previously calculated product for further
use as below:

Fl2 = (I, ® F)D2P2(F, @ I,)P2 2)

And hence by using the permutation matrix, we can find
the DFT with less computation using the previously
calculated Kronecker Product.


https://www.google.com.pk/search?q=catered+for&spell=1&sa=X&ved=0ahUKEwjWipKIpvDbAhVrLsAKHbWdAm0QBQgjKAA
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A. Permutation Matrix

Permutation matrix is a binary matrix having two entries
(i.e. 0 & 1), and is obtained by permuting the columns /rows
of an nxn identity matrix. Note that every permutation in the
identity matrix provides us with a unique permutation matrix
that leads us towards different solutions after its
multiplication with original matrix. For instance, let us
suppose a 4x4 matrix, multiplied with different permutation
matrices of same order as below:

[a;1 a1, @3 Gua]rl 0 0 O a;; Qg3 %4 Ap

(1 Gz Q23 Q240 0 0 1f_|@a Q23 %2s OG22 (3)
Q31 Gz Q33 A0 1 0 O 3y Q33 Q34 Az

@41 Q42 Qa3 Agefl0 0 1 01 Q41 Qa3 Qus Gy

Using a different permutation matrix of same order as:

[a17 a1, @3 Qa]r0 0 0 17 a3 Ay Q12 Qa1

Qy; Gy Q23 Q24|00 0 1 Of_ [A2s @24 G2z G21 (4)
Q33 A3z Q33 Az||1 0 0 O A3z Q34 A3z A3

1041 Qg2 Q43 Age]0 1 0 O Qg3 Qe Q4 Qg

Hence from (3) & (4), using different permutation matrices
multiplied with same matrix, different results are obtained.

B. Rows and Columns Permuted Matrices

From (3) & (4), it is observed that in matrix multiplication,
using PM after the original matrix swaps the columns of the
original matrix. However, to achieve a row permuted matrix,
the permutation matrix is placed behind the original matrix as

below:
0 0 0 17[ar @z %3 Qua Q41 G4y D43 Qas
0 0 1 0ffa2 Gz %3 Q24)|_ [az az; @33 Q3 (5)
1 0 0 0]]|a; a3z a3z Az A11 Q12 Q13 Qqg
0 1 0 0Jlasy a4 Qg3 Qg Az1 Az Az3 Qg

So from (4) and (5) it can be observed that for same n X n
permutation matrix, the placement of the PM will decide the
resultant matrix either to be a row permuted matrix or a
column permuted matrix.

C. Kronecker Product and Permutation Matrix

Let us suppose we have A and B matrices of mxn and pxq
order respectively, then the Kronecker product of A & B
would be as

aqq * B An * B
AQ®B = : (6)
am1 *B Amn * B
That can be expressed more explicitly as
[ a11b11 Qq1by @11b1q A1nbiy Qynbig ]
11by1  ay1byy a11b2q Qynbaq alanq
allbpl allpr allbpq alnbpl alnbpq
Amibi1  Amiby, Am1b1q Amnb1s Annbiq
Amiba;  Amiba, Anibag Annbay Annbag
,amlbpl amlbpz amlbpq amnbm amnbpq_
And the reverse product i.e. BQA can be written as
b1l x A blp * A
BRQA=| : 5 (7
bpl = A bpq * A

From (6) and (7) it can be observed that AQB and BQA
are entirely different matrices. But from AQB, BQA can be
achieved just by swapping some of the rows and columns
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with the specific permutations. In other words we can say that
A®B and BQA are permutation equivalent matrices, and
there exists a unique permutation matrix such that

B®A = P(AQ B)PT (8)

Furthermore, another characteristic of this unique
permutation matrix is that the transpose and inverse of the
unique PM is same as the PM itself, as

P=pt=pT 9)

All remaining nxn PM’s, doesn’t qualify the above
property due to which they are not classified as the unique
PM for Kronecker Product

In this section, we propose a methodology for calculation
of reverse order Kronecker using unique permutation matrix.
For this, let us suppose two, 2 X 2 matrices A and B for
understanding. The two Kronecker products AQB, as in (6),
and B®A, as in (7) will be as follows,

PROPOSED METHODOLOGY

a;1byy  agibi;  Gi2biy agpby;
A®B = @11ba1  @i1by;  @i2bay azby; (10)
Az1b11  Az1b1z  azpbii apzby,
Az1by1  G1by5  Az2bp1  Appby;
Similarly
a;1byy  aipbyy  Gi1bin agpby;
BRA= Ay1b11  Apabiy Gpibiz  apoby; (12)
ay1by1  aizbyy  aqiby;  agaby,
Az1by1  Gpby1  Gz1by;  Azpby;

Total number of permutation matrices that can be
produced from an n™order identity matrix are calculated as

no of PMs for I, = n! (12)

As A & B are both 2 x 2 order matrices and the order of
their Kronecker Product will be 4 X 4, thus in this case a 4x4
identity matrix will be used as PM that generates 4! i.e. 24
different permutation matrices as stated in (12) which are
shown in Fig. 1.

[ A
o, L P C
at ] K5
I il [ ]
e W] Cow [
i o

Fig. 1. Generation of 4! permutations of 4x4 identity.




International Journal of Computer Theory and Engineering, Vol. 11, No. 6, December 2019

Out of these 24 matrices as shown in Fig. 1, a single unique
permutation matrix say P, (eq. 13) satisfies the requirements
for reverse order Kronecker product as stated in (9). From the
above two matrices (10) and (11) it can be observed that from
A® B we can easily produce B @ A just by swapping
second and third rows and then swapping same columns. To
achieve this, an identity matrix will be used, that is also
swapped in the same manner, and is then multiplied as in (4)

& (5).
L 0 0 1]

That is same number of rows are swapped from the identity
matrix to make unique permutation matrix, that satisfies the
unique PM property and hence by substituting, it may
become

100 0
00 10
BP=1o 10 0 (13)

PM xB @ A x PM

1 0 0 07[%1bu1 @zbin @bz abia]r1 0 0 0
_10 0 1 of|aznbi1 azbn Q1b1;  Az2be; lO 0 1 0}

0 1 0 Of|aihss aizbay aiibsy  agabyp |01 0 0

0 0 0 1llayihyy @ppbpy apibyy  Ggabp 0 0 0 1
=AQB

These operations will eventually give us the results, that
corresponds to our reverse order Kronecker Product i.e.
AQB.

A. Formation of n X n Permutation Matrix

In order to find the uniquely identified permutation matrix
that satisfies requirements for reverse order Kronecker
calculation stated in (6) and (7), we take two matrices A and
B of order 2x2 having Kronecker product of order 4x4 as
discussed earlier

")
ay1 by,

(3™
Ay2b11

(4"
A12b1,

(1°9

ay1b1q

M
(1D
(111)
av)
Whereas it’s reverse order Kronecker product would be as

(1st) (3rd)

aq1byq aq1by;

A® B =>a11b21 A11bzz  G12ba1  Qiaba;

az1b11 Ap1by1 Abiy apby;

Az1b12  Qpabyp  Apabp1  Ggaba;

(4"
ay2b1,

(2"
ay2b14

)
(1D

(Q80))
av)

The swapping hierarchy of entries from A® B towards
B®A is shown below. Furthermore, these are the swapped

rows similar to the swapping of rows/columns of an identity
matrix to form a uniquely identified PM,

az1b11 Gbi1 Gz1biz azbyy

B A=

Ay11by1  agpby;  ai1baz  aqyby,

az21ba1  Agbp1 G21byy  apyby;

1 2 3 4 1 3 2 4

5 6 7 8 9 11 10 12

9 10 11 12 lS 7 6 8

13 14 15 16 13 15 14 16
AQB =S BRA

It can be observed in the above case that reverse order KP
i.e. B® A can be attained from A @ B by swapping the 2nd
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and 3rd rows and then same columns or vice versa. Taking
AQ®B and reshaping to make it BQA using the assigned
labels would lead towards the formation of permutation
matrix as below

ARB> 1 23 4
BRAD1 324

It is observed that the 1st and 4th rows of both are at the
same place (underlined) where as other 2nd and 3rd
rows/columns are swapped with each other. Considering the
stated hierarchy, from A® B the permutations of rows of
B@®A can be achieved as follows:

1
ARB> 1 23 4 -)[é i] 23301 3 2 4]2BR4
4

In order to transform BQ A from AQB, the matrix entries
are first row permuted then column permuted. As stated
earlier, the swapping hierarchy of the Kronecker product, to
achieve its reverse order, is same as that of identity matrix.
For the given example, the uniquely identified PM can be
achieved using the same transitions of rows/columns as
stated above. Here entries depict the placement of ‘1° in each
row/column of identity matrix. This swapping technique
would lead us towards the unique permutation matrix that is
used as uniquely identified Kronecker permutation matrix

B. Pseudo Code

Let us suppose two matrices A and B of nxn dimensions.
The generation of BQA from AQB is to formulated by using
ann? permutation matrix. This permutation matrix can be
formulated as follows:

1) Generate a natural number nxn dimensional matrix
having n? entities.

2) Reshape the matrix column wise in such a way that
each (n+1)st column lies beneath the nth column.

3) Make this column vector into a row vector.

4) The entities of this row vector point out towards the
position of ‘1’ at a specific row/column. Write ‘1’ at
every place pointing by the row vector and all other
entries besides these locations are ‘0s.

5) This generated matrix is the required uniquely

identified permutation matrix.
The implementation of the pseudo code for 4 X 4 PM is as
follows

1

15t 1 2 znd 3 3rd

- [3 M lz — [1 3 2 4]
4

th 1 0 0 0 th

4 0 0 1 of ° ;

= 1o 10 o — (Unique PM)

0 0 0 1

Similarly for 16 x 16 PM, it can be obtained by the
swapping of natural number matrix rows/columns and
following rows will come one after the other in 16 X 16
identity matrix as

[1St’ Sth’, 9th, 135’1’ an’ 6th, loth, 14th' 3Td, 7th, 11th’
15th Sth 12th 16th]
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IV. OBSERVATION AND RESULTS

In order to compare our proposed methodology we
generated random matrices of order 4x4 till 20x20 for
Kronecker Product, requiring permutation matrix of order 16
x16 up to 400400 to calculate its reverse order. The
Kronecker product for these matrices were calculated and
afterwards derived from their reverse order product, by
generating permutation matrix. It is observed the original KP
and the one calculated using its reverse order using PM is
always same and their difference gives the null matrix that
verifies the applicability of this technique. For instance let us
suppose two matrices of order 3 x 3.

a b ¢ j k1
A= [d e f} &B= [m n o}

g h i p q r
raj ak al bj bk bl ¢ ck cl
am an ao bm bn bo c¢m cn co
ap aq ar bp bq br cp cq cr
di dk dl e ek el fj fk fl
A A®B=|dm dn do em en eo fm fn fol|l &
dp dq dr ep eq er fp fq fr
gi gk gl hj hk hl ij ik il
gm gn go hm hn ho im in io
lgp 99 gr hp hq hr ip iq ir |

raj bj ¢ ak bk ck al bl cl7
di e fj dk ek fk dl el fl
gi h ij gk hk ik gl hl il
am bm cm an bn cn ao bo co
B B®A=|dm em fm dn en fn do eo fo
gm hm im gn hn in go ho io
ap bp c¢cp aq bq cq ar br cr
dp ep fp dq eq fq dr er fr
L gp hp ip gq hq iq gr hr irl

The Permutation Matrix of order 9 x 9 using the stated
methodology will be:

_1_

2 58 3 6 9]

O VW 00Ul N NS

> Iy =PM,

PM,y =

Soococococo o m
coococoorooo
corooococoo
cococococoocoro
coocomrmroocoo
o~ ococooococoo
cocoocococoor oo
cooroococoo
~roocoocococ oo

As stated in (8) & (9),
B®A = P(AQ B)PT

where, P= p~t = pT
Substituting (9) in (8), it would become

BR®A = P(AQB)P

So using the above equation,

P[(A®B)PT] =

raj ak al bj bk bl ¢ ck cl
am an ao bm bn bo ccm cn co
ap aq ar bp bg br <c¢p cq cr
di dk dl e ek el fj fk fl
PMy|ldm dn do em en eo fm fn fo
dp dq dr ep eq er fp fq fr
gi gk gl hj hk hl ij ik il

gm gn go hm hn ho im in io

lgp g9q gr hp hq hr ip iq ir |

raj bj ¢ ak bk ck al bl cl]
am bm cm an bn cn ago bo co
ap bp ¢ aq bq cq ar br cr
di e fj dk ek fk dl el fl
= PMygjdm em fm dn en fn do eo fo
dp ep fp dq eq fq dr er fr
g h ij gk hk ik gl hl il
gm hm im gn hn in go ho io
lgp hp ip gq hq iq gr hr irl
T aj bj ¢ ak bk ck al bl cl1
di e fj dk ek fk dl el fI
g h i§j gk hk ik gl hl il
am bm c¢cm an bn cn ao bo co
=jdm em fm dn en fn do eo fo
gm hm im gn hn in go ho io
ap bp c¢p aq bgq cq ar br cr
dp ep fp dq eq fq dr er fr
L gp hp ip gq hq iq gr hr irl
The results obtained are by calculating the reverse product
directly, and by evaluating it through permutation matrix
technique gives the same result, as the subtraction of the two,
gives a null matrix, that intern proves the reliability of this
methodology.

PM,y

=B®A

V. CONCLUSION

The paper gives a brief overview of Kronecker product and
its implementation in finding the reverse order multiplication,
as in formulation DFT in signal processing using a unique
permutation matrix technique by finding it intuitively. This
would lessen its computation cost by not calculating the
reverse product being it to be computationally expensive
algorithm and intern evaluating it by using the ground
principles of matrix theory through a unique permutation
matrix, from the same previously found Kronecker product.
The computation cost to calculate the PM for reverse order
KP will be minimum as the entities for an nxn unique PM
can be depicted directly, without finding it from n! PM’s.
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